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Probability for ML

1 Introduction to Discrete Probability

1.1 Basic Rules and Conditional Probability
Recall from lecture, a Probability Space consist of the following:

• A sample space Ω: The set of all possible outcomes 𝜔 of an experiment

• An event space: The set of all subsets 𝐴 of the sample space Ω

• A probability function 𝑃 : Ω → [0, 1] that maps outcomes to values between 0 and 1 (inclusive on both
ends)

Furthermore, we go over a few fundamentals:

• Union (OR): The 𝑃(𝐴 ∪ 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 ∩ 𝐵) is the Principle of Inclusion-Exclusion for two
events. The key intuition is that if you just add 𝑃(𝐴) and 𝑃(𝐵), you’ve double-counted the region where
they overlap 𝑃(𝐴 ∩ 𝐵), so you must subtract it once.

• Conditional Probability (Given): 𝑃(𝐴|𝐵) is the single most important concept for machine learning. It’s the
formal way of asking, ”How does my belief about event 𝐴 change after I observe event 𝐵?” The formula
𝑃 (𝐴∩𝐵)
𝑃 (𝐵) has a clear intuition: we are restricting our universe of possibilities to just the outcomes in 𝐵. The

numerator, 𝑃(𝐴 ∩ 𝐵), is the part of 𝐴 that still lives in this new, smaller universe. We divide by 𝑃(𝐵) to
re-normalize the probabilities so that the total probability of our new universe B is 1.

• Independence: This is a special, simplifying assumption. It means 𝐵 gives you no information about
𝐴. Knowing 𝐵 happened doesn’t change your belief about 𝐴 at all (𝑃(𝐴|𝐵) = 𝑃(𝐴)). The formula
𝑃(𝐴∩𝐵) = 𝑃(𝐴)𝑃(𝐵) is the computational check for this property. In ML, we love to assume independence
(e.g., in Naive Bayes) because it lets us model complex joint probabilities just by multiplying simpler
marginal probabilities.

• Intersection (AND): 𝑃(𝐴 ∩ 𝐵) represents the probability of 𝐴 and 𝐵 occurring.

• Complement (NOT): 𝑃( 𝐴̄) = 1 − 𝑃(𝐴). One can think of this intuitively as simply the probability of the
“opposite” of the event 𝐴. For example, If Ω = {𝐻,𝑇} and 𝐴 = 𝐻 = landing heads, then 𝐴̄ = 𝑇 = landing
tails.

This problem is meant for you to go over the basic rules of probability, as well as conditional probability again.

1. You roll two standard, fair 6-sided dice. Let Ω be the uniform probability space of 36 outcomes. Let 𝐴 be
the event that the sum of the dice is even. Let 𝐵 be the event that at least one die shows a 6.

(a) Find 𝑃(𝐴).

(b) Find 𝑃(𝐵).

(c) Find 𝑃(𝐴 ∩ 𝐵) (the probability the sum is even AND there is at least one 6).

(d) Find 𝑃(𝐴|𝐵) (the probability the sum is even given that there is at least one 6).

(e) Are events 𝐴 and 𝐵 independent? Justify your answer.
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Solution

(a) Event 𝐴 (sum is even) occurs when both dice are even (3 × 3 = 9 outcomes) or both are odd
(3 × 3 = 9 outcomes). |𝐴| = 9 + 9 = 18. 𝑃(𝐴) = |𝐴|

|Ω | =
18
36 = 1

2 .
(b) Event 𝐵 (at least one 6) is easiest to find using the complement, 𝐵̄ (no 6s). |𝐵̄ | = 5 × 5 = 25.

|𝐵| = |Ω| − |𝐵̄ | = 36 − 25 = 11. 𝑃(𝐵) = |𝐵 |
|Ω | =

11
36 .

(c) 𝐴∩𝐵 is the event (sum is even) AND (at least one 6). Let’s list the outcomes in 𝐵 and see which have
an even sum: 𝐵 = {(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6), (1, 6), (2, 6), (3, 6), (4, 6), (5, 6)}.
The outcomes with even sums are: (6, 2) (sum 8), (6, 4) (sum 10), (6, 6) (sum 12) (2, 6) (sum 8),
(4, 6) (sum 10) 𝐴 ∩ 𝐵 = {(6, 2), (6, 4), (6, 6), (2, 6), (4, 6)}. |𝐴 ∩ 𝐵 | = 5. 𝑃(𝐴 ∩ 𝐵) = 5

36 .
(d) By definition of conditional probability: 𝑃(𝐴|𝐵) = 𝑃 (𝐴∩𝐵)

𝑃 (𝐵) =
5/36
11/36 = 5

11 .
(e) For 𝐴 and 𝐵 to be independent, we must have 𝑃(𝐴∩ 𝐵) = 𝑃(𝐴)𝑃(𝐵). We check: Is 5

36 = 1
2 ×

11
36 ?

Is 5
36 = 11

72 ? No. Since 𝑃(𝐴 ∩ 𝐵) ≠ 𝑃(𝐴)𝑃(𝐵), the events are not independent. We can also see
this because 𝑃(𝐴|𝐵) = 5

11 ≠ 𝑃(𝐴) = 1
2 .
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1.2 Bayes’ Rule and Law of Total Probability
From lecture:

• Law of Total Probability (LTP): This is a ”divide and conquer” strategy. If you want to find the probability
of a complex event 𝐵, you can break the world into a set of mutually exclusive and exhaustive ”cases”
(𝐴1, 𝐴2, . . . ). The LTP says you can find 𝑃(𝐵) by calculating the probability of B in each case (𝑃(𝐵 |𝐴𝑖))
and then taking a weighted average of those probabilities, where the weights are the probabilities of each
case happening (𝑃(𝐴𝑖)).

• Bayes’ Rule: This rule is the machine that flips the conditional. In ML, we often have a model that can tell
us the likelihood of our data given a hypothesis, 𝑃(Data | Hypothesis). But what we want is the reverse: the
probability of our hypothesis given the data we saw, 𝑃(Hypothesis | Data). Bayes’ Rule lets us do this:

– Prior 𝑃(𝐴𝑖): Your belief about hypothesis 𝐴𝑖 before you see any data.

– Likelihood 𝑃(𝐵|𝐴𝑖): The probability of observing data 𝐵 if hypothesis 𝐴𝑖 were true. This is what your
model typically defines.

– Evidence 𝑃(𝐵): The total probability of observing the data, calculated using the Law of Total Proba-
bility. It’s a normalization constant.

– Posterior 𝑃(𝐴𝑖 |𝐵): Your updated belief about hypothesis 𝐴𝑖 after observing the data. This is the result
of ”learning”.

1. A screening test for a disease is 90% accurate for people who have it (i.e., 𝑃(Pos | Disease) = 0.9) and 90%
accurate for people who don’t (i.e., 𝑃( Neg | No Disease ) = 0.9).

Suppose the general prevalence of the disease in the population is 1% (i.e., 𝑃(Disease) = 0.01). A person is
chosen at random, given the test, and it comes back positive. What is the probability they actually have the
disease, 𝑃(Disease | Pos)?

Solution

1. We are given:
• Prior: 𝑃(𝐷) = 0.01. This implies 𝑃(𝐷̄) = 1 − 0.01 = 0.99.
• Likelihood (True Positive): 𝑃(Pos|𝐷) = 0.9.
• Likelihood (True Negative): 𝑃(Neg |𝐷̄) = 0.9. This implies the False Positive rate is 𝑃(Pos |𝐷̄) =

1 − 0.9 = 0.1.
We want to find the Posterior: 𝑃(𝐷 | Pos). We use Bayes’ Rule:

𝑃(𝐷 | Pos) = 𝑃(Pos |𝐷)𝑃(𝐷)
𝑃(Pos)

First, we find the denominator, 𝑃(Pos) (the evidence), using the Law of Total Probability:

𝑃(Pos) = 𝑃(Pos |𝐷)𝑃(𝐷) + 𝑃(Pos |𝐷̄)𝑃(𝐷̄)
= (0.9 · 0.01) + (0.1 · 0.99)
= 0.009 + 0.099
= 0.108

Now, we can plug this back into Bayes’ Rule:

𝑃(𝐷 | Pos) = 0.009
0.108

=
9

108
=

1
12

≈ 0.0833

So, even with a positive test, the person only has an 8.33% chance of having the disease. This is because
the false positive rate (10%) acting on the large healthy population (99%) generates many more false
positives than the true positives generated from the small diseased population. We also have the notion
of a probability mass function (PMF) of a random variable 𝑋 , denoted as 𝑝𝑋.
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2 Discrete Random Variables
By definition, a Random Variable (RV) 𝑋 : Ω → R maps outcomes to real numbers. For discrete random variables,
they map outcomes to integers (e.g., −1, 2, 3) only, whereas for continuous random variables, they map outcomes
to real numbers (e.g.,

√
2, 𝜋, 𝑒).

2.1 Expectation and Linearity
With random variables, we can take expectations of them. What that means is we want to find the ”center of mass”
or “balancing point” of its PMF. It’s the single number that best summarizes the “center” of a distribution. We
write the expectation of a random variable 𝑋 as E[𝑋].

A notable property of expectations is that they are linear! That is, for constants 𝑎, 𝑏 and random variables 𝑋,𝑌 ,
E[𝑎𝑋 + 𝑏𝑌 ] = 𝑎E[𝑋] + 𝑏E[𝑌 ]. The most critical part is that this holds regardless of whether 𝑋 and 𝑌 are
independent. This allows us to break down a very complex random variable (e.g., total error) into a sum of simple
parts (error per data point) and analyze them individually, even if they are correlated.

1. Suppose 𝑋 ∼ Binomial(𝑛, 𝑝) and 𝑌 ∼ Poisson(𝜆). Find E[𝜋𝑋 + 𝑒𝑌 ].

Solution

1. E[𝜋𝑋 + 𝑒𝑌 ] = 𝜋E[𝑋] + 𝑒E[𝑌 ] = 𝜋𝑛𝑝 + 𝑒𝜆.
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2.2 Variance and Sum of RVs
We can also find the variance of a random variable, which we denote as 𝑉𝑎𝑟 (𝑋)! This is the expected squared
distance from the mean. It quantifies the “spread” or “risk” of a distribution. The E[𝑋2] − (E[𝑋])2 formula is
purely for computational convenience. The definition E[(𝑋 − E[𝑋])2] is the one to remember conceptually.

Properties of Variance include:

• 𝑉𝑎𝑟 (𝑎𝑋 + 𝑏) = 𝑎2𝑉𝑎𝑟 (𝑋). This is intuitive: Adding 𝑏 shifts the entire distribution, but doesn’t change its
spread (so 𝑏 disappears). Multiplying by a stretches the distribution by a factor of 𝑎. Since variance is in
squared units (because of the squared term in its definition), the new spread is 𝑎2 times the old one.

• Variance of a Sum: This is where independence becomes critical. 𝑉𝑎𝑟 (𝑋 + 𝑌 ) = 𝑉𝑎𝑟 (𝑋) + 𝑉𝑎𝑟 (𝑌 ) only if
𝑋 and 𝑌 are independent (or at least uncorrelated). This is because the full formula has a covariance term,
as we’ll see next.

1. Let 𝑋1 be the outcome of a single fair 6-sided die roll.

(a) Compute E[𝑋1] and 𝑉𝑎𝑟 (𝑋1).

(b) Let 𝑆𝑛 = 𝑋1 + · · · + 𝑋𝑛 be the sum of 𝑛 independent fair die rolls. Compute E[𝑆𝑛] and 𝑉𝑎𝑟 (𝑆𝑛).

Solution

1. (a) E[𝑋1] =
∑6

𝑖=1 𝑖 · 𝑃(𝑋1 = 𝑖) = 1
6 (1 + 2 + 3 + 4 + 5 + 6) = 21

6 = 3.5.
To find variance, we first find E[𝑋2

1 ]: E[𝑋
2
1 ] =

∑6
𝑖=1 𝑖

2 ·𝑃(𝑋1 = 𝑖) = 1
6 (1+4+9+16+25+36) = 91

6 .
𝑉𝑎𝑟 (𝑋1) = E[𝑋2

1 ] − (E[𝑋1])2 = 91
6 − (3.5)2 = 91

6 − ( 7
2 )

2 = 91
6 − 49

4 = 182−147
12 = 35

12 .
(b) 𝑆𝑛 = 𝑋1 + · · · + 𝑋𝑛. By Linearity of Expectation: E[𝑆𝑛] =

∑𝑛
𝑖=1 E[𝑋𝑖] = 𝑛 · E[𝑋1] = 3.5𝑛.

Since the die rolls 𝑋𝑖 are independent, the variance of the sum is the sum of the variances:
𝑉𝑎𝑟 (𝑆𝑛) =

∑𝑛
𝑖=1 𝑉𝑎𝑟 (𝑋𝑖) = 𝑛 · 𝑉𝑎𝑟 (𝑋1) = 35𝑛

12 .
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3 Multivariate Random Variables
This section bridges probability with linear algebra. We stop thinking of 𝑛 features as 𝑛 separate RVs and start
thinking of them as one random vector 𝑋 ∈ R𝑛. Its properties are described by a mean vector 𝜇 and a covariance
matrix Σ.

3.1 Joint and Marginal Distributions
A joint PMF 𝑝𝑋,𝑌 (𝑥, 𝑦) (like a matrix) describes all probabilities.

• Marginal PMF: 𝑝𝑋 (𝑥) =
∑

𝑦 𝑝𝑋,𝑌 (𝑥, 𝑦) (summing over rows).

• Covariance: 𝐶𝑜𝑣(𝑋,𝑌 ) = E[𝑋𝑌 ] − E[𝑋]E[𝑌 ]. If 𝐶𝑜𝑣(𝑋,𝑌 ) = 0, they are uncorrelated.

• General Variance of Sum: 𝑉𝑎𝑟 (𝑋 + 𝑌 ) = 𝑉𝑎𝑟 (𝑋) +𝑉𝑎𝑟 (𝑌 ) + 2𝐶𝑜𝑣(𝑋,𝑌 ).

1. Let the joint PMF of discrete RVs 𝑋 and 𝑌 be given by the following table (matrix), where 𝑋 is the row and
𝑌 is the column:

𝑝(𝑥, 𝑦) 𝑦 = 0 𝑦 = 1 𝑦 = 2
𝑥 = 0 0.1 0.1 0.0
𝑥 = 1 0.2 0.3 0.1
𝑥 = 2 0.0 0.1 0.1

(a) Find the marginal PMFs 𝑝𝑋 (𝑥) and 𝑝𝑌 (𝑦).

(b) Find E[𝑋] and E[𝑌 ].

(c) Find E[𝑋𝑌 ] and 𝐶𝑜𝑣(𝑋,𝑌 ).

(d) Are 𝑋 and 𝑌 independent? Justify your answer.

Solution

1. (a) Marginals are the row and column sums.

𝑝𝑋 (𝑥 = 0) = 0.1 + 0.1 + 0.0 = 0.2
𝑝𝑋 (𝑥 = 1) = 0.2 + 0.3 + 0.1 = 0.6
𝑝𝑋 (𝑥 = 2) = 0.0 + 0.1 + 0.1 = 0.2

(Check: 0.2 + 0.6 + 0.2 = 1)

𝑝𝑌 (𝑦 = 0) = 0.1 + 0.2 + 0.0 = 0.3
𝑝𝑌 (𝑦 = 1) = 0.1 + 0.3 + 0.1 = 0.5
𝑝𝑌 (𝑦 = 2) = 0.0 + 0.1 + 0.1 = 0.2

(Check: 0.3 + 0.5 + 0.2 = 1)
(b) E[𝑋] = ∑

𝑥𝑝𝑋 (𝑥) = (0) (0.2) + (1) (0.6) + (2) (0.2) = 0 + 0.6 + 0.4 = 1.0 and E[𝑌 ] = ∑
𝑦𝑝𝑌 (𝑦) =

(0) (0.3) + (1) (0.5) + (2) (0.2) = 0 + 0.5 + 0.4 = 0.9.
(c) E[𝑋𝑌 ] = ∑

𝑥

∑
𝑦 𝑥𝑦 ·𝑝(𝑥, 𝑦). We only sum non-zero terms: (1) (1) (0.3)+(1) (2) (0.1)+(2) (1) (0.1)+

(2) (2) (0.1) = 0.3+0.2+0.2+0.4 = 1.1 and 𝐶𝑜𝑣(𝑋,𝑌 ) = E[𝑋𝑌 ] −E[𝑋]E[𝑌 ] = 1.1− (1.0) (0.9) =
1.1 − 0.9 = 0.2.

(d) No, they are not independent. We can check two ways:
• 𝐶𝑜𝑣(𝑋,𝑌 ) = 0.2 ≠ 0. Since they are not uncorrelated, they cannot be independent.
• 𝑝(𝑥 = 0, 𝑦 = 0) = 0.1. But 𝑝𝑋 (0)𝑝𝑌 (0) = (0.2) (0.3) = 0.06. Since 0.1 ≠ 0.06, they are not

independent.
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3.2 Random Vectors and Covariance Matrices
In ML, a data point is a vector 𝑋 ∈ R𝑑 (e.g., 𝑑 features). We model this as a “random vector” rather than 𝑑 separate
RVs.

We have also the notion of a mean vector denoted by 𝜇. This is the “center of mass” of the 𝑑-dimensional

probability cloud. It’s an R𝑑 vector where each element is the expectation of one feature: 𝜇 =


E[𝑋1]

...

E[𝑋𝑑]


⊤

as well

as a covariance matrix, denoted by Σ. This is the 𝑑 × 𝑑 matrix that describes the shape and orientation of the
data cloud. The diagonal elements, Σ𝑖𝑖 , are the variances Σ𝑖𝑖 = 𝑉𝑎𝑟 (𝑋𝑖). The off-diagonal elements, Σ𝑖 𝑗 , are the
covariances Σ𝑖 𝑗 = 𝐶𝑜𝑣(𝑋𝑖 , 𝑋 𝑗 ). This matrix is symmetric (Σ = Σ⊤). If it’s a diagonal matrix, it means all features
are uncorrelated.

As seen earlier, linearity holds as well! Namely, E[𝐴𝑋 + 𝑏] = 𝐴𝜇 + 𝑏 and 𝑉𝑎𝑟 (𝐴𝑋 + 𝑏) = 𝐴Σ𝐴⊤. This is a
powerful, direct application of linear algebra to probability.

1. Let 𝑋 =

[
𝑋1
𝑋2

]
be a random vector with mean 𝜇 = E[𝑋] =

[
1
−1

]
and covariance matrixΣ = 𝑉𝑎𝑟 (𝑋) =

[
4 1
1 2

]
.

Let 𝐴 =


1 2
0 1
1 −1

 and 𝑏 =


5
0
0

 . Let 𝑌 = 𝐴𝑋 + 𝑏.

(a) Find the expectation vector E[𝑌 ].

(b) Find the covariance matrix 𝑉𝑎𝑟 (𝑌 ).

Solution

1. (a) E[𝑌 ] = E[𝐴𝑋 + 𝑏] = 𝐴E[𝑋] + 𝑏 = 𝐴𝜇 + 𝑏.

E[𝑌 ] =

1 2
0 1
1 −1


[

1
−1

]
+

5
0
0

 =


1(1) + 2(−1)
0(1) + 1(−1)

1(1) + (−1) (−1)

 +

5
0
0

 =

−1
−1
2

 +

5
0
0

 =


4
−1
2


(b) 𝑉𝑎𝑟 (𝑌 ) = 𝑉𝑎𝑟 (𝐴𝑋 + 𝑏) = 𝑉𝑎𝑟 (𝐴𝑋) = 𝐴𝑉𝑎𝑟 (𝑋)𝐴⊤ = 𝐴Σ𝐴⊤. First, 𝐴⊤ =

[
1 0 1
2 1 −1

]
.

𝑉𝑎𝑟 (𝑌 ) = Σ𝑌 =
©­«

1 2
0 1
1 −1


[
4 1
1 2

]ª®¬ 𝐴⊤

=


(1 · 4 + 2 · 1) (1 · 1 + 2 · 2)
(0 · 4 + 1 · 1) (0 · 1 + 1 · 2)
(1 · 4 + −1 · 1) (1 · 1 + −1 · 2)

 𝐴⊤

=


6 5
1 2
3 −1


[
1 0 1
2 1 −1

]
=


(6 · 1 + 5 · 2) (6 · 0 + 5 · 1) (6 · 1 + 5 · −1)
(1 · 1 + 2 · 2) (1 · 0 + 2 · 1) (1 · 1 + 2 · −1)
(3 · 1 + −1 · 2) (3 · 0 + −1 · 1) (3 · 1 + −1 · −1)


=


16 5 1
5 2 −1
1 −1 4


This is the 3 × 3 covariance matrix for 𝑌 =


𝑌1
𝑌2
𝑌3

 .
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4 Continuous Random Variables
Recall from lecture that for any continuous value 𝑥, 𝑃(𝑋 = 𝑥) = 0. For that reason we can’t use a PMF. To cope
with this, we resort to the CDF (Cumulative Distribution Function): 𝐹𝑋 (𝑥) = 𝑃(𝑋 ≤ 𝑥). This is the fundamental
object that works for all RVs (discrete and continuous). It’s a function that “accumulates” probability from −∞ up
to 𝑥, and the PDF (Probability Density Function): 𝑓𝑋 (𝑥) = 𝐹′

𝑋
(𝑥). This is simply the derivative of the CDF. By

the Fundamental Theorem of Calculus, this means 𝑃(𝑎 ≤ 𝑋 ≤ 𝑏) = 𝐹𝑋 (𝑏) − 𝐹𝑋 (𝑎) =
∫ 𝑏

𝑎
𝑓𝑋 (𝑥)𝑑𝑥.

The key intuition to understand is that 𝑓𝑋 (𝑥) is not a probability. It is a density. It can be greater than 1. The area
under the PDF, 𝑓𝑋 (𝑥)𝑑𝑥, is the infinitesimal probability mass at point 𝑥.

Expectation (LOTUS): E[𝑔(𝑋)] =
∫
𝑔(𝑥) 𝑓𝑋 (𝑥)𝑑𝑥. This is just the continuous version of the weighted average.

You integrate the value 𝑔(𝑥) against its infinitesimal probability mass 𝑓𝑋 (𝑥)𝑑𝑥.

1. Let 𝑋 be a continuous RV with PDF 𝑓𝑋 (𝑥) =
{
𝑐𝑥2 for 0 ≤ 𝑥 ≤ 1
0 otherwise

.

(a) Find the constant 𝑐 that makes 𝑓𝑋 (𝑥) a valid PDF.

(b) Find the CDF 𝐹𝑋 (𝑥).

(c) Find E[𝑋].

(d) Find 𝑉𝑎𝑟 (𝑋).

Solution

1. (a) For 𝑓𝑋 (𝑥) to be valid, it must integrate to 1.∫ ∞

−∞
𝑓𝑋 (𝑥)𝑑𝑥 =

∫ 1

0
𝑐𝑥2𝑑𝑥 = 𝑐

[
𝑥3

3

]1

0
=

𝑐

3
= 1 =⇒ 𝑐 = 3

(b) The CDF 𝐹𝑋 (𝑥) = 𝑃(𝑋 ≤ 𝑥) =
∫ 𝑥

−∞ 𝑓𝑋 (𝑡)𝑑𝑡. For 𝑥 ∈ [0, 1]:

𝐹𝑋 (𝑥) =
∫ 𝑥

0
3𝑡2𝑑𝑡 =

[
𝑡3
] 𝑥

0 = 𝑥3

Thus, the full CDF is

𝐹𝑋 (𝑥) =


0 𝑥 < 0
𝑥3 0 ≤ 𝑥 ≤ 1
1 𝑥 > 1

.
(c) E[𝑋] =

∫ ∞
−∞ 𝑥 𝑓𝑋 (𝑥)𝑑𝑥 =

∫ 1
0 𝑥(3𝑥2)𝑑𝑥 =

∫ 1
0 3𝑥3𝑑𝑥 =

[
3𝑥4

4

]1

0
= 3

4 .

(d) First find E[𝑋2]: E[𝑋2] =
∫ ∞
−∞ 𝑥2 𝑓𝑋 (𝑥)𝑑𝑥 =

∫ 1
0 𝑥2 (3𝑥2)𝑑𝑥 =

∫ 1
0 3𝑥4𝑑𝑥 =

[
3𝑥5

5

]1

0
= 3

5 . So,

𝑉𝑎𝑟 (𝑋) = E[𝑋2] − (E[𝑋])2 = 3
5 −

(
3
4

)2
= 3

5 − 9
16 = 48−45

80 = 3
80 .
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5 Multivariate Gaussians and Applications in ML Context
The Multivariate Gaussian (MVG): This is the one distribution that is completely defined by the linear algebra
objects 𝜇 and Σ. Its PDF formula,

𝑓 (𝑥) = 1
(2𝜋)𝑑/2 |Σ |1/2 exp(−1

2
(𝑥 − 𝜇)⊤Σ−1 (𝑥 − 𝜇))

is literally a quadratic form in the exponent. Σ−1 (the precision matrix) defines the shape of the elliptical ”data
cloud”.

MMSE (Best Estimator): E[𝑌 |𝑋 = 𝑥]. This is the best possible predictor for 𝑌 given 𝑋 = 𝑥 to minimize squared
error. In general, this is a complex, non-linear function 𝑔(𝑥).

LLSE (Best Linear Estimator): This is the best predictor 𝐿 (𝑥) = 𝑎𝑋 + 𝑏 that is restricted to being a line. It’s what
you solve for in Linear Regression. We find 𝑎 and 𝑏 by using multivariable calculus to minimizeE[(𝑌−(𝑎𝑋+𝑏))2].
The solution is the linear regression formula.

The Magic of Gaussians: A massive result in statistics is that if (𝑋,𝑌 ) are jointly Gaussian, the (potentially
complex) MMSE is the (simple) LLSE. The best possible predictor is just a straight line. This is why Linear
Regression is not just a simple approximation; it is the mathematically optimal solution under the very common
assumption of Gaussian-distributed data. This will be elaborated on more during the Classical ML lecture, so
don’t worry if you don’t understand this part fully.

1. Suppose a 2D feature vector 𝑍 =

[
𝑋

𝑌

]
is modeled as a Multivariate Gaussian, 𝑍 ∼ N(𝜇, Σ), with:

𝜇 =

[
1
2

]
and Σ =

[
4 3
3 9

]
(a) What are E[𝑋], E[𝑌 ], 𝑉𝑎𝑟 (𝑋), 𝑉𝑎𝑟 (𝑌 ), and 𝐶𝑜𝑣(𝑋,𝑌 )?

(b) Are 𝑋 and 𝑌 independent? Why or why not?

(c) What is the best linear estimator (LLSE) of 𝑌 given 𝑋 = 𝑥? That is, find 𝐿 (𝑥) that minimizes
E[(𝑌 − 𝐿 (𝑋))2] where 𝐿 (𝑋) = 𝑎𝑋 + 𝑏.

(d) What is the best overall estimator (MMSE) of 𝑌 given 𝑋 = 𝑥? That is, find 𝑌 (𝑥) = E[𝑌 |𝑋 = 𝑥].

Solution

1. (a) We can read these values directly from 𝜇 =

[
E[𝑋]
E[𝑌 ]

]
and Σ =

[
𝑉𝑎𝑟 (𝑋) 𝐶𝑜𝑣(𝑋,𝑌 )

𝐶𝑜𝑣(𝑋,𝑌 ) 𝑉𝑎𝑟 (𝑌 )

]
.

• E[𝑋] = 1
• E[𝑌 ] = 2
• 𝑉𝑎𝑟 (𝑋) = 4
• 𝑉𝑎𝑟 (𝑌 ) = 9
• 𝐶𝑜𝑣(𝑋,𝑌 ) = 3

(b) No, 𝑋 and𝑌 are not independent. For jointly Gaussian random variables, independence is equivalent
to being uncorrelated. Since 𝐶𝑜𝑣(𝑋,𝑌 ) = 3 ≠ 0, they are not independent.

(c) The formula for the LLSE is:

𝐿 (𝑥) = E[𝑌 ] + 𝐶𝑜𝑣(𝑋,𝑌 )
𝑉𝑎𝑟 (𝑋) (𝑥 − E[𝑋])

Plugging in our values:

𝐿 (𝑥) = 2 + 3
4
(𝑥 − 1)

This is the best linear predictor.
(d) The MMSE estimator is 𝑌 (𝑥) = E[𝑌 |𝑋 = 𝑥]. A key property of the Multivariate Gaussian

distribution is that the conditional expectation E[𝑌 |𝑋 = 𝑥] is a linear function of 𝑥. r Because the
MMSE is a linear function, and the LLSE is the best possible linear function, the two must be the
same.

𝑌𝑀𝑀𝑆𝐸 (𝑥) = E[𝑌 |𝑋 = 𝑥] = 𝐿 (𝑥) = 2 + 3
4
(𝑥 − 1)
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This is the “magic” of the Gaussian distribution: the optimal, potentially complex, estimator is just
a simple line.

6 What to Submit
Please submit a single .zip file that includes your written answers and completed notebook. Upload the .zip file to
the corresponding homework assignment on Gradescope.

Contributors
• Patrick Mendoza
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